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Autoencoders map an input to a latent code (encoder)
and map this latent code back to the input (decoder)
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https://towardsdatascience.com/generating-images-with-autoencoders-77fd3a8dd368
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The optimization problem is to fit the encoder and
decoder simultaneously to reconstruct output

> More formally, the autoencoder objective is:

r?in E[L(x, X)]

r?’iZn E [L (x, g(f(x)))]

> One example is using Mean Squared Error loss

minE [[lx - g(f ), |
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If there are no constraints on the encoder and
decoder than the identity function works perfectly...

> Suppose f(x) =xand g(x) = x

» Then we know that

minE[|lx ~ 9((0) ]

= min E[||x — x[|5] = 0
/.9
> And since all terms are positive, this is the global

minimum
> Trivial/useless...What can we do?
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Adding constraints to f, g or z can often produce
interesting properties of z

» Undercomplete autoencoders assume that the
latent space has lower dimension, i.e., k < d

Input Output

Encoder Decoder
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The undercomplete and linear autoencoder
is closely related to PCA

> Formally
»letz = f(x) = Ax + b,z € R¥

»letX = g(z) =Bz+c
> Let L(x, %) = E[||x — %]|5]

> One solution can be derived from PCA though
other (closely-related) solutions exist

» Autoencoders are “non-linear” PCA
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Why might we want a non-linear autoencoder?
Non-linear dimensionality reduction

2D projection of the swissroll Unrolled manifold
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Even undercomplete autoencoders can be
uninteresting if non-linear

> With no other constraints, again an uninteresting
solution exists where Xx; is a training instance
L X = X;
> 7 = X) = )
fx) {O, otherwise

| xg, Z=1
*9(2) = {O, otherwise

» While this doesn’t necessarily happen in practice, it
demonstrates that more constraints are usually
needed
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Sparse autoencoders add a penalty that the
latent space is sparse

» Add a regularization term to latent variables
minL (x,g(f()) + Af @

> This creates data-dependent sparsity

Hidden layers Output layer

Input layer
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https://www.jeremyjordan.
me/autoencoders/
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Denoising autoencoders force functions to learn
to remove noise rather than copy the input

> Add noise to the input so that copying input is not possible
r}lin E, e [L (x,g(f(x + e)))] ,where € ~ N (u, al)
g

Measure
Add noise to thej \ f reconstruction
input image loss against
- - original image

Feed
corrupted
input into
autoencoder / !
https://www.jeremyjordan. - N
me/autoencoders/

David I. Inouye


https://www.jeremyjordan.me/autoencoders/

: S R :
R mnr
iy NN R s ‘“
& SRR TP
HR SR NN U Al )]
n U ,t// ”””//".>..‘\\\\\0 W o)
ESiess N RN e e « 7 7. ‘N
- ey AN | T 2o
a S 4/4/4«“4/// ”M/avﬂ.' ....... v - > > .m
N BN fEE R Eotn o +
Q .%4///// NVilit et s slon & P
vmffd/////// S ot i - o) S
P> SEE SL_S N N N B B e PAPRIS L - e © p
O nm” e e E < S
IS
D — M o A TN aibeb A o O @©
i et NS ST ot i B e _mu_ L o
n 1 Sl A NS S oy B m —
N N ®
< N e > ©
LA »“\ 1»4..,-.41114 - - © (qo]
O 7 AA A AN AN - Md
R R R - .-,...111/1:- - e
m AR EEEEIIN  aN NN .»;M °
st ol AR ARAT AT R T ORIV N ENENEREN RN SR a6 e BRI
S SRS U T 7 Jh By HCHE AR U KR S R LB, 06, €L G Y SR ST < R AT JJJ T I
SISSAESYTEY (o o Y Y Y [ T 1Y S T R TH T G eae AT XS AN
n S I OO NI IS S SN SN
e voaa - e A e A A B R R B e N ,,»;»% A S NSNS
O L L N S = BN SSSIN
b M M M M M NN S S s
o c— T _ INNNA Y, ~—_Jo
= . =
n NN <
u AN, eed
(q0) AN "W
O N
O R SN
* — A\l o
. s AL
p) N VAN g
I—L ////‘. VAN >
r S ////“ VNN o
Qv = AN ARARERNNN T
O _ _ A I NNNNSES Raa ET AN I
O NN sssrsred NS e 3wy BB
NONONNNNNNNNNNN VS LSS ””””/\\\\\\04:\\\\\.//////f/ =)
O @ | X\N\WNnninrrizd s
O — | A | 7 NN
n SRR e NN YYry, L 4 \VW///////W///////ON
+ ERERAE SR iy e S S T o)
RN A AP [
U — |3 .
O O | —
4+ R if iy b \ FHIRY " -
D @ fEScai TR N i 0 O > N
— =l s} o C - Q N
a H i B M 4///0. v v Ne] L
u ———— H ¢ . wVN u C /
3 Pt L eeSNNNNN p o e Y
g t Ay N. . <N\ 0 cC ©
C Vol N ? - Fete ¥ NN\ + — p
| L, V SRR NN\ © © © S
—_ i Y AR N = Qg
S r A A g i .1114/4/4//4//4/5 d 17, O
«— A e e RRN g O G .
-+ A TR RN Q0 © =
O (@p) A A A NN RN = o O x
A A e e e AR RN NN ONINRN NN o + m — G
- QO |z mnnnnnaayy & 28 S5
Q e NS Y S O = Ny
h e e e s R VB N BN NN NN NN O C © L . .
D Aofef /o oo L PR A BN SN EN NN NN NN NN SN NN m LV O < m (o]
+~ 3 5 3 2 >0 EO =N
1 I +| N
L <



https://arxiv.org/pdf/1211.4246.pdf

Autoencoders can also use
non-deterministic or probabilistic mappings

» The outputs are distributions
instead of a points

» Encoder/decoder output the
parameters of distribution

> Probabilistic mappings
> Replace encoder f(x) with
qr(z|lx) =N(z;u=f(x),2=1)
> Replace decoder g(z), with
pg(xlz) =N(x;u=9gz),2=1)
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Vanilla probabilistic autoencoder could minimize
expected negative log probability of training data

N By Bz [~ 108 P (x12)]

»Fact: If e ~ N (0,1)and zp = u + €, thenz, ~ N (u, I).

P Epy (0 ’qu(zpc)[_ logpgy(x|z )]] (Empirical expectations)

r= == Yo —logpg (xi2f)

n
1 1 1 2 d
=15, 25, —logexp (2 lx; — uf]l} - $10g2n)
I T R | 2112 :
> = ;Zigzi’g Xi — U; ||2 + ¢ (cis constant)

=15 l5 = g ()| + e
1

> = _Zi%Z{)% x; —g(f(x) + ef)“z + ¢ (Remember fact above)

n

Ta 1
»=—Yisllx—g(fx) +edllz + ¢ (letm =1, wheree; ~ N(0,1))
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Comparison between autoencoders

» MSE autoencoder (AE)

min— z”xl g(f(xl))”

f.gn
» Sparse autoencoder

min— anl g(FE: + ANF Gy

fgn
» Gaussian denoising autoencoder (DAE)

min~ anl af i+ el & ~NGoaD

f.gn

» Vanilla Gaussian probablllstlc autoencoder

1
min= > llxi - g(fC) + €I, €~ N(OD)
f.9 n&

l
» Regularized Gaussian probabilistic autoencoder
1
min— llx; = g(fCx) + DIF + A GDIE e~ N(0,1)
i

This is special case of variational autoencoders (VAE) called -VAE.
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Variational Autoencoders (VAE) are one of the

most common probabilistic autoencoders
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(AEs don’t provide this)

reduction/compression
> Generative model for the data

> Probabilistic encoder/decoder
for dimensionality

> Method produces both

(b) Learned MNIST manifold
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> Generative model can
produce fake data

(b) 5-D latent space (c) 10-D latent space (d) 20-D latent space

(a) 2-D latent space

» Derived as a latent variable

Figures and reference from Kingma, D. P. and M. Welling

model like GMMs

(2014). “Auto-Encoding Variational Bayes”. International

Conference on Learning Representations.
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VAEs have inference and generative networks
with an assumed prior distribution on z

> Generative model Prior ditton: 19
Z~pg(Z):N(O:I) | |
X ~ pg(xl2)
» Encoder/inference model
Encoder: qq(z|x) Decoder: pe(x|z)
X ~ Ddata(X) ?
z ~ qr(z]|x)
> MLE is intractable :
logp(x; g) = log fng(z)pg(xlz)dz Datasfet:D
Observed likelihood intractable again like in GMMs Kingma, D. P., & Welling, M. (2019). An

Introduction to Variational
Autoencoders. Foundations and Trends® in
Machine Learning, 12(4), 307-392.
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Derivation of VAE objective
(known as the evidence lower bound or ELBO)

>

Pg(x)
f[_108 Pg (X)] (E of constant = constant)
pg(x )pg(Z|x )

v

log

(inflate)

ﬁﬁﬁm

v

a5

>

E

ar

a5

log

pg(Z|X )

pg(x z) qf(Z|X)

log

a7 (Z1X) pg(ZIX)

pg(xr Z)
qr(Z|X )

> = ELBO(x; Pg» qf)

> — logpg(x) — KL (qf(Z|x ), pg(Z|X ))
> < logpg(x)

+ Eg, [log

> = ELBO(x; py,qr) + KL (qf(zlx ), pg(z]x ))

Tightif ¢ (z|x) = p,(z|x)

(inflate)

qr(Z]X)
pg(Z|x )
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The ELBO can be interpreted as a reconstruction
error term and a regularization term

pg(xr Z)
qr(Z|X )

> ELBO(x; pg,qf) = Iqu _log

. pg(Z)pg(X|Z )]
> = Iqu [log 2 Z1X)

_ _ [ pg(z) |
> = Iqu _lngg(x Z)_ +[ECIf logqf(gZpC)

] ) i qr(Z|X )-
> — Iqu _lngg(x Z ) — ]EQf lOg ;g(z)

= Eq,[logpy (x12)] — KL (q7(z1),p, (2))

> Minimizing the negative yields error + regularization

min — _z Eq, [log Py (xil2)] + KL (47 (zilx0), pg (2)))

[ Computable, see Computable in closed-form for
reconstruction error slides Gaussian distributions
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Optimizing the ELBO objective does two things
simultaneously

mm — —Z Eq, llog py (x;12))] + KL (qf(zllxl) Dg (zl))

> Dy - Optlmlze the lower
bound on the likelihood

> qr - Improve the lower
bound (i.e., make it tighter)

> Like EM algorithm but
cannot ensure tightness
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Reparameterization trick allows us
to compute gradients for g

mln — —z Eq, [log py (x;12;)| + KL (qf(zllxl) Dg (zl))

Computable in closed-form for
Gaussian distributions

mln — —z E [108 pg(xilz;y = f(x;) + 6)] t+ Ee [ q;ii;)zil;fgl)

Original form Reparameterized form
In this figure, f is the loss

f Backprop
T l function, g is the

f
~ V f ¢7x7 ) . . .
/? (=9 / /? ) reparameterization function,
and ¢ are the parameters of
x ~p(e)

the encoder.

Kingma, D. P., & Welling, M. (2019). An
Introduction to Variational
Autoencoders. Foundations and
Trends® in Machine Learning, 12(4),
307-392.

: Deterministic node — : Evaluation of f

. : Random node =P : Differentiation of f
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Putting it all together:
The VAE algorithm using SGD

1.
2.
3.

O

Get minibatch of data x
Pass through encoder to get u, 0% = f(x)

Sample from z = q¢(z|x, (u, 0%) = f(x))
using reparametrization trick

Pass through decoder to get output
parameters 8 = g(z)

. Compute log likelihood of p,(x|z,0 = g(2))

Loss is nhegative log likelihood + KL term

. Backpropagate to gradients for both g and f

and update model
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“Traditional” Drawback:
VAEs tend to generate blurry images
rather than sharp images




Maybe not a drawback...
VQ-VAE-2 at NeurlPS 2019

Generated high-quality images
(probably don’t ask how long it
takes to train this though...)

\

Razavi, A., van den Oord, A., & Vinyals, O.
(2019). Generating diverse high-fidelity
images with vg-vae-2. In Advances in

Neural Information Processing
Systems (pp. 14866-14876).
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