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Very high-dimensional data
IS becoming ubiquitous

> Images (1 million pixels)

» Text (100k unique S

Single Nucleotide Polymorphism (SNPs)

words) ﬂ R R
> Genetics (4 million SNPs) B O aencn TG,
» Business data (12 million < ]l =

products) L= 8 E




Why dimensionality reduction?
Lower computation costs

» Suppose original dimension

is large like d = 100000 e s oo e
(e.g., images, DNA ﬂ P
sequencing, or text)

[ A CGTT GACTARETG Ac
*Ifwereducetok = 100 o LoenToe
dimenSionS, the training 4-5 million SNPs in human genome.

https://www.diagnosticsolutionslab.com/tests/genomicinsight

algorithm can be sped up by
1000X
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https://www.diagnosticsolutionslab.com/tests/genomicinsight

Why dimensionality reduction?
Visualization

> Allows 2D scatterplot visualizations even of
high-dimensional data (2D projection of digits)
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https://jakevdp.github.io/PythonDataScienceHandbook/05.09-principal-component-analysis.html
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https://jakevdp.github.io/PythonDataScienceHandbook/05.09-principal-component-analysis.html

Why dimensionality reduction?

Noise reduction via reconstruction
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Principal component analysis finds the best linear
projection onto a lower-dimensional space

-3 -2 -1 0 1 2 3

2D to 1D projection: Red lines show the projection error onto 1D lines. PCA finds the line
that has the smallest projection error (in this example, when it aligns with the purple).

https://stats.stackexchange.com/questions/2691/making-sense-of-principal-component-analysis-eigenvectors-eigenvalues
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https://stats.stackexchange.com/questions/2691/making-sense-of-principal-component-analysis-eigenvectors-eigenvalues

Principal Component Analysis (PCA) can be formalized

as minimizing the linear reconstruction error of the
data using only k < d dimensions

» PCA can be formalized as

T2
r%l‘l/\r,lllX —ZW" |z

> where
X, =X —pu, 1T € R"™? (centered input data)
Z € R™* (latent representation or “scores” )
WT e R¥*¢ (principal components)

wlw, = 0,wlw, = ||wg]l, = 1,Vs,t
(orthogonal constraint)
> Solution
» WT =V, where X, = USVT is the SVD of X,
>/ = XW
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Review of linear algebra
and introduction to numpy Python library

> See Jupyter notebook, which can be opened
and run in Google Colab
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The orthogonal projection onto a 1D line
s the closest projection

> Given a line defined by a unit vector w, what is

the closest projection onto that line?
0 X

/N,

—

» The orthogonal projection! (via dot product)
y = (xTw)w = zw
> Where z = [|x||||]w]| cos 8 = ||x|| cos @ is the
distance from the origin (cos = adj/hyp)
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Formulate problem as
minimizing reconstruction error

» Squared distance of point to best projection
lx = ylIz = llx — (x"w)wl|3

> Minimize the reconstruction error for all points
in the dataset

min > [l = (Fw)wl] = 1X = Kew)wT I3
i

w:|lw|[=1

» PCA generalized to more dimensions
mMi/nllXC — X WHWT||2 s.t. WTW =1
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The PCA solution is the top k
right singular vectors via SVD

> If X, = USVT, then the solution to the previous
problem is simply W* =V, .,

> Remember: SVD is best k dim. approximation

Rank=1, Compression=0.2% Rank=2, Compression=0.5% Rank=4, Compression=0.9%
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Rank=8, Compression=1.9% Rank=16, Compression=3.7% Rank=32, Compression=7.5%
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Rank=64, Compression=15.0% Rank=128, Compression=30.0% Rank=427, Compression=100.0%
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The solution reveals the truncated SVD
as best approximation

m1n||X XWHWT|%2 s.t. WIW =1

L1

XC = USVT W = Vl:k

VT Vl:k
x, I U S
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The solution reveals the truncated SVD
as best approximation

m1n||X (X W)WT||F s.t. WIw =1

I I |
Xc - u Top k truncated SVD
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Claim: Minimizing reconstruction error (red lines) is
equivalent to maximizing the variance of projection
(spread of red points)

Min reconstruction error
Max variance

Max reconstruction error
Min variance
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Derivation of min error
equivalent to max variance

» Simplify squared distance

> [lxi = (e wywll;

= (3 = (& w)w) (i = (x] w)w)

> — xl-Txl- — Z(X;TW)WTXL' (xiTW)ZWTW
» = lxll? = 2(xTw)” + (xTw) w2

> = ||x; 2—(x;-rw)2




Derivation of min error
equivalent to max variance

» Equivalence of optimization in 1D

> arg min ;|| x; — (xiTW)Wui
w
» = arg min Y,;||x;||* — (x;TW)Z = arg min ), _(xiTW)Z
W w
» = argmax~Y,(x/w)" = arg max =¥, z?
w w

— 2
> = arg max o, Note z is already centered so
w mean of squares is variance
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The solution is the eigenvector with the largest
eigenvalue of the covariance matrix 2,

> Suppose fx = %XCTXC = QAQ', where 1, >
Ay =20

> The solution is top eigenvector w* = ¢,
> The more general case

k
arg maX E W max E
WW W= Ik WW W= Ik

» The solution is the top k eigenvectors of 2x
W™ = Ql:k
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The solution to both problems
is the top k right singular vectors of X,

» Minimize reconstruction error

> Singular value decomposition (SVD) of X, = USV?!
> Solution: W™ = V.4

> Maximize variance of latent projection

> Equivalence solution

nx, = XX, = WsvHrwsv?h) = wvsuh)usvh)
=VSWUTU)SVT =vS4vT = QAQT

> Solution: W™ = Q1. = V5.




