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Attention chooses content and allowed context

Learned queries and keys score matches; row softmax weights the value vectors.

A causal mask excludes future inputs before softmax; training can compute every allowed output

together.

Unmasked attention without position signals reorders its outputs when inputs are reordered.

Today: represent order explicitly, then assemble a complete transformer.
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Column vectors become transposed rows in a sequence matrix

Likewise  and . Example: four tokens, three features per vector.

𝑋 =
⎡

⎣

⎢
⎢

𝒙𝖳1

⋮
𝒙𝖳𝐿

⎤

⎦

⎥
⎥
, 𝒒ℓ =𝑊𝑄𝒙ℓ, 𝑄 = 𝑋𝑊 𝖳

𝑄

𝐾 = 𝑋𝑊 𝖳

𝐾 𝑉 = 𝑋𝑊 𝖳

𝑉
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Each query–key inner product fills one score-matrix entry

Dot products give scores; row softmax gives weights.

𝑆 =
𝑄𝐾𝖳

√
𝑑𝑘

, 𝐴 = softmaxrow(𝑆), 𝑎ℓ𝑗 =
𝑒𝑠ℓ𝑗

∑𝐿
𝑟=1 𝑒

𝑠ℓ𝑟
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A sequence needs order beyond an unordered collection

Same words, different order Requested action

Send the report before the slides. Report first, slides second.

Send the slides before the report. Slides first, report second.

Focus on report: its relationship to before has changed.

Without a mask or positions, self-attention gives report the same output vector in both sentences—

just in a different row.

We want token representations to reflect order-dependent relationships.
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Which change makes position explicit?

A causal attention layer already blocks future inputs.

Which change directly supplies each token’s absolute position?

A. Add a position vector to its embedding

B. Add another identical causal mask

C. Increase the number of attention heads

A. The mask controls access; a position vector explicitly represents location.
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Causal masks restrict access; position signals describe location

A fixed causal mask breaks arbitrary permutation equivariance: reordering tokens changes which

context they may read.

Mechanism What it supplies

Causal mask Which earlier/current inputs a query may access

Absolute position signal Where a token occurs in the sequence

Relative position signal How far apart two token positions are

The mask does not explicitly encode token indices or pairwise offsets.

Next: add position features, or rotate query/key features using their positions.
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Additive positions combine token features and location features

Look up the token’s embedding, then add a vector describing its position:

Fixed sinusoids: , , .

Pair index ; even width .

d = 4: read four features at each slice Position vector = values at that slice

-1

0

1
sin(ℓ) cos(ℓ) sin(0.01ℓ) cos(0.01ℓ)

ℓ=0

ℓ = 0 [0.00, 1.00, 0.00, 1.00]ᵀ

ℓ=2

ℓ = 2 [0.91, -0.42, 0.02, 1.00]ᵀ

ℓ=5

ℓ = 5 [-0.96, 0.28, 0.05, 1.00]ᵀ

Position ℓ → Order: sine, cosine, sine, cosine

Same token “the” at positions 0 and 2: .

𝒙ℓ = 𝐸[𝑤ℓ, :]
𝖳 + 𝒑ℓ, 𝒙ℓ,𝒑ℓ ∈ ℝ𝑑

𝑝ℓ,2𝑖 = sin(ℓ𝜔𝑖) 𝑝ℓ,2𝑖+1 = cos(ℓ𝜔𝑖) 𝜔𝑖 = 10000−2𝑖/𝑑

𝑖 = 0,… , 𝑑/2− 1 𝑑

𝐸[the, :]𝖳 + 𝒑0 ≠ 𝐸[the, :]𝖳 + 𝒑2
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RoPE rotates query and key pairs by their positions

Split each query/key into 2-D feature pairs; rotate every pair by a position-dependent angle.

Fast and slow pairs cover different distance scales. Keys use the same rotations.

Positions 1 and 3

q1

k3

Angle difference 60°; dot product 0.5

Positions 2 and 4
q2k4

Angle difference 60°; dot product 0.5

One pair: same [1, 0]ᵀ content; 30° per position

𝑅(𝛼) = [cos𝛼 − sin𝛼

sin𝛼 cos𝛼
] , 𝒒

(𝑖)
ℓ

= 𝑅(ℓ𝜃𝑖)𝒒
(𝑖)
ℓ

[𝑞ℓ,0, 𝑞ℓ,1
⏟

pair 0: ℓ𝜃0

, 𝑞ℓ,2, 𝑞ℓ,3
⏟

pair 1: ℓ𝜃1

, …]𝖳, 𝜃𝑖 = 10000−2𝑖/𝑑𝑘
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RoPE compares positions through angle differences

Moving both tokens one step rotates both arrows by the same extra angle: their angle difference stays

the same.

The full dot product adds the matches from all feature pairs.

Why use RoPE? Practical consequence

Relative offset enters the query–key match directly Same separation gives the same positional

comparison, with content held fixed.

Fixed rotations, no learned position table Few extra operations; no separate learned vector for

every index.

Used in Llama 2: RoPE is itself a positional encoding, an alternative to adding absolute position vectors.

𝑠𝜃𝑖 − ℓ𝜃𝑖 = (𝑠− ℓ)𝜃𝑖, (𝒒
(𝑖)
ℓ
)𝖳̃𝒌

(𝑖)
𝑠 = (𝒒

(𝑖)
ℓ
)𝖳𝑅((𝑠− ℓ)𝜃𝑖)𝒌

(𝑖)
𝑠

10/27



Multiple heads learn different ways to combine context

Input X

Head 1
project → attend

Head 2
project → attend

Head 3
project → attend

Concatenate features

Output projection

Each head has its own query/key/value projections; every head obeys the allowed context.

Next: combine attention with residual paths, normalization and a token-wise MLP.

𝑌 = Concat(𝑌1,… ,𝑌𝑏)𝑊
𝖳

𝑂
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Implementation detail: padding masks exclude absent tokens

Two messages share a batch:

Input positions

Message A please · send · the · report

Message B send · report · <PAD> · <PAD>

Attention key mask: padded positions cannot supply values to real queries.

Loss mask: padded targets contribute no training loss.

A causal mask still applies within each real prefix.
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Building a Transformer
David I. Inouye

Dynamic Content · Last Updated: October 30, 2026
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A transformer combines context mixing and feature transformation

Transform features → preserve a residual path → normalize → stack blocks.

Keep the same task: use an email prefix to predict its next token.
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Attention mixes positions; a shared MLP transforms each row

input row 1

d → m → ReLU → d

output row 1

input row 2

d → m → ReLU → d

output row 2

input row 3

d → m → ReLU → d

output row 3

Same MLP at every position; no mixing between positions

Same parameters at every position; separate parameters in each block.

MLP(𝐻) = ReLU(𝐻𝑊 𝖳

1 + 𝟏𝒃𝖳1 )𝑊
𝖳

2 + 𝟏𝒃𝖳2

𝐻 ∈ ℝ𝐿×𝑑, 𝑊1 ∈ ℝ𝑚×𝑑, 𝑊2 ∈ ℝ𝑑×𝑚
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A residual path adds a learned update without changing the shape

H : L × d

F(H) : L × d

+

Output: L × d
Unchanged residual path

Matching shape
Elementwise sum

The attention output projection and the MLP’s last layer both return  features.

𝐻out = 𝐻 + 𝐹(𝐻)

𝑑
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LayerNorm normalizes one token’s features at a time

Like BatchNorm: subtract a mean, divide by a standard deviation, then learn a scale and shift.

BatchNorm (CNN): one channel across batch examples and spatial locations.

LayerNorm: one token across its  features—the last axis of [B,L,d].

At evaluation, LayerNorm still uses that token’s statistics; BatchNorm usually uses running statistics.

𝜇ℓ =
1

𝑑

𝑑

∑
𝑗=1

ℎℓ𝑗, 𝜎2
ℓ
=

1

𝑑

𝑑

∑
𝑗=1

(ℎℓ𝑗 − 𝜇ℓ)
2

LN(𝒉ℓ) = 𝜸 ⊙ 𝒉ℓ − 𝜇ℓ𝟏

√𝜎2
ℓ
+ 𝜖

+ 𝜷

𝑑
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A pre-norm block adds two shape-preserving updates

Input H : L × d

LayerNorm

Causal MHA

LayerNorm

Row MLP

+

+

Output : L × d

Context mixing

Feature transformation

U : L × d

Residual

Residual

Pre-norm is the usual modern LLM default. The

original Transformer used post-norm.

Pre-norm Post-norm

Normalize before the

branch.

Normalize after

addition.

Pre-norm leaves the bypass untouched.

𝑈 = 𝐻 +MHAcausal(LN1(𝐻))

𝐻out = 𝑈 +MLP(LN2(𝑈))

𝐻 + 𝐹(LN(𝐻)) LN(𝐻 + 𝐹(𝐻))
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Stacked blocks turn token features into next-token logits

Token IDs [L]

Embeddings + positions [L,d]

N pre-norm blocks [L,d]

Final LayerNorm [L,d]

Vocabulary head [L,v]
Logits

Inputs
RoPE alternative: omit additive positions; rotate Q/K within each block

𝐻 (0) = 𝐸[𝑤0:𝐿, :] + 𝑃 , 𝑌 = LNfinal(𝐻
(𝑁))𝑊 𝖳

vocab + 𝟏𝒄𝖳

𝐻 (𝑁) ∈ ℝ𝐿×𝑑, 𝑊vocab ∈ ℝ𝑣×𝑑, 𝑌 ∈ ℝ𝐿×𝑣
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One length-  input solves  prefix-prediction problems

Input

Logits

Target

BOS

y0

please

loss 0

please

y1

send

loss 1

send

y2

the

loss 2

the

y3

report

loss 3

report

y4

EOS

loss 4

Read upward: one causal pass → L logit rows → L shifted-target losses

Known inputs allow parallel work; the mask preserves each allowed prefix.

𝐿 𝐿

L(𝜃) = − 1

𝐿

𝐿−1
∑
ℓ=0

log 𝑝𝜃(𝑤ℓ+1 ∣ 𝑤0,… ,𝑤ℓ).
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Backpropagation follows different dependency graphs

Same inputs: BOS, please, send, the, report • Same targets: please, send, the, report, EOS

RNN: a sequential state chain Transformer: positions processed together

loss 0

h0

x0

loss 1

h1

x1

loss 2

h2

x2

loss 3

h3

x3

loss 4

h4

x4

Forward: left → right; backward: right → left

Later states must wait for earlier states

loss 0

row 0

row 0

loss 1

row 1

row 1

loss 2

row 2

row 2

loss 3

row 3

row 3

loss 4

row 4

row 4

Shown: backward paths from the last row

Sequential across layers, not across token states

Blue: forward • Orange: backward • All losses contribute to shared parameters

Transformer benefit: parallel work across positions in forward and backward computation.
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Can one forward pass score all shifted targets?

The training batch contains each full email.

Which model change would let an early prediction read its future

target?

A. Compute all causal output rows together

B. Normalize each token over its own features

C. Remove the causal attention mask

C. Parallel computation is valid when every path respects the allowed prefix.
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A causal decoder is the common decoder-only LLM architecture

Encoder only Causal decoder only Encoder–decoder
Example: Vision Transformer Our model • common LLM form Original 2017 Transformer • seq2seq

Token / patch embeddings

Q K V

Self-attention
All input positions can attend

Token-wise MLP

Task head (e.g. class)

Prefix token embeddings

Q K V

Self-attention
Causal: current + earlier

Token-wise MLP

Vocabulary head

Source embeddings

Q K V

Encoder stack
All-position self-attention

Target prefix embeddings

Q K V

Causal self-attention

Q

Cross-attention
K, V

MLP + vocab head

Q/K/V are learned projections of the indicated stream. Layers repeat; residual paths and normalization omitted.

Our email model is a causal decoder. Other tasks can use different information paths and heads.
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From Prediction to Generation
David I. Inouye

Dynamic Content · Last Updated: October 30, 2026
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A next-token model becomes a generator through repeated feedback

Factorize → choose a token → append → repeat → evaluate.

We have an email-prefix model. Now we must choose a continuation and decide when to stop.
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A sequence probability is a product of conditional probabilities

For a fixed prompt  and continuation tokens :

Synthetic token example:

Taking negative logs turns the product into the sum used in next-token training.

𝑐 𝑤1,… ,𝑤𝐿

𝑝𝜃(𝑤1:𝐿 ∣ 𝑐) =
𝐿

∏
ℓ=1

𝑝𝜃(𝑤ℓ ∣ 𝑐,𝑤<ℓ).

𝑝𝜃(report, today, EOS ∣ please send the)

= 𝑝𝜃(report ∣ 𝑐) 𝑝𝜃(today ∣ 𝑐, report) 𝑝𝜃(EOS ∣ 𝑐, report,today).
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Teacher forcing uses the true prefix—even when the model is wrong

TRAINING: teacher forcing GENERATION: sample and append
Distribution at “please send the”

report 10%

slides 80%

agenda 10%

Same model

please send the report

Next training prefix

Distribution at “please send the”

report 10%

slides 80%

agenda 10%

Same model

please send the slides

Next generation prefix

Data: report
Loss uses p(report) = .10

Sample: slides

Training prefixes are all known in advance → a causal transformer can process them together.

TRAINING: teacher forcing GENERATION: sample and append
Distribution at “please send the”

report 10%

slides 80%

agenda 10%

Same model

please send the next token?

Distribution at “please send the”

report 10%

slides 80%

agenda 10%

Same model

please send the next token?

Data: report
Loss uses p(report) = .10

Sample: slides

Advance: append the observed token in training, or the sampled token in generation.
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