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Probability distributions are nonnegative and normalized

Nonnegative Total probability is one

Discrete mass

Continuous density

Marginalize: remove  from a joint distribution by summing or integrating it out.

Zero values are allowed. A density can exceed one; its integral must equal one.

𝑝(𝒙) ≥ 0 ∑𝒙 𝑝(𝒙) = 1

𝑝(𝒙) ≥ 0 ∫ 𝑝(𝒙) 𝑑𝒙 = 1

𝒛

𝑝(𝒙) =∑
𝒛

𝑝(𝒙, 𝒛) (discrete codes), 𝑝(𝒙) =∫ 𝑝(𝒙, 𝒛) 𝑑𝒛 (continuous codes).
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Conditioning and Bayes’ rule rearrange the same joint distribution

Conditional distributions (where the denominators are positive):

Joint decomposition / chain rule:

Bayes’ rule:

The variables keep their meanings:  is an image;  is a code.

𝑝(𝒙 ∣ 𝒛) =
𝑝(𝒙, 𝒛)

𝑝(𝒛)
, 𝑝(𝒛 ∣ 𝒙) =

𝑝(𝒙, 𝒛)

𝑝(𝒙)
.

𝑝(𝒙, 𝒛) = 𝑝(𝒛)𝑝(𝒙 ∣ 𝒛) = 𝑝(𝒙)𝑝(𝒛 ∣ 𝒙).

𝑝(𝒛 ∣ 𝒙) =
𝑝(𝒙 ∣ 𝒛)𝑝(𝒛)

𝑝(𝒙)
.

𝒙 𝒛
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KL compares distributions by averaging a log-density ratio

The Kullback–Leibler divergence is

Average under : disagreement where  puts weight matters.

1. Nonnegative: .

2. Zero when the distributions agree: .

It is directional: generally .

For two outcomes,  and  give ; setting 

gives zero.

We will use KL to compare code distributions, including their centers and spreads.

𝐷KL(𝑞‖𝑝) = 𝔼𝐳∼𝑞[log 𝑞(𝐳)

𝑝(𝐳)
] .

𝑞 𝑞

𝐷KL(𝑞‖𝑝) ≥ 0

𝐷KL(𝑞‖𝑞) = 𝔼𝐳∼𝑞[log 1] = 0

𝐷KL(𝑞‖𝑝) ≠ 𝐷KL(𝑝‖𝑞)

𝑞 = (0.75, 0.25) 𝑝 = (0.5, 0.5) 𝐷KL(𝑞‖𝑝) ≈ 0.131 𝑝 = 𝑞
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Probabilistic autoencoders
Replace point outputs with distributions
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We can make both encoder and decoder probabilistic

1. Probabilistic AE: replace each point output with a distribution.

2. VAE generative model: add an assumption about where latent codes come from.

3. VAE training: fit the generative model using the encoder to infer codes.

First, encode a point into latent space, then decode back into the same observed space.
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A deterministic AE maps one point to one point

Observed space Latent space

x z

E n c o d e :   ( ) f ϕ x

D e c o d e :   ( ) g θ z

̂ x

The reconstruction returns to the same observed space.

Each + is one example or code. The outlines show the spaces where they live.

𝒛 = 𝑓𝜙(𝒙), 𝒙 = 𝑔𝜃(𝒛).
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A probabilistic encoder maps an image to a distribution of codes

Observed space Latent space

x

E n c o d e :   ( ∣ ) q ϕ z x

D e c o d e :   ( ) g θ z

Sample latent codes; each decodes to a point.

Replace  with a conditional distribution .

The yellow circle is a code distribution; its + marks are sampled codes. The decoder still returns one

point per code to the original observed space.

𝒛 = 𝑓𝜙(𝒙) 𝑞𝜙(𝒛 ∣ 𝒙)
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A probabilistic decoder maps each code to a distribution of images

Observed space Latent space

x

E n c o d e :   ( ∣ ) q ϕ z x

D e c o d e :   ( ∣ ) p θ x z

Training: evaluate the original + under each green distribution.

Replace  with .

During training, measure the likelihood of the original input image under the distributions represented

by the green circles. We sample latent codes, not new images from the decoder.

𝒙 = 𝑔𝜃(𝒛) 𝑝𝜃(𝒙 ∣ 𝒛)
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Gaussian mappings let the networks predict the distribution means

For a first example, hold both covariance matrices fixed at the identity:

 predicts the center of the latent distribution.

 predicts the center of the image distribution.

We can also learn the spreads; first keep them fixed to see the mechanism.

𝑞𝜙(𝒛 ∣ 𝒙) =N(𝒛; 𝑓𝜙(𝒙), 𝐼) .

𝑝𝜃(𝒙 ∣ 𝒛) =N(𝒙; 𝑔𝜃(𝒛), 𝐼) .

𝑓𝜙

𝑔𝜃
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A probabilistic AE can train with expected reconstruction loss

For one observed image, average over sampled codes:

With the fixed Gaussian mappings, one noise draw gives the estimate

Evaluate the original  under the green decoder distribution. Sample codes, not output images.

JPAE(𝒙) = 𝔼𝐳∼𝑞𝜙(⋅∣𝒙)[− log 𝑝𝜃(𝒙 ∣ 𝐳)].

1
2 ‖𝒙− 𝑔𝜃(𝑓𝜙(𝒙) + 𝝐)‖22 + 𝐶, 𝝐 ∼N(𝟎, 𝐼).

𝒙
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Where does the noise enter these two autoencoders?

Both models reconstruct the original clean image.

Which description matches the models we just defined?

A. Denoising AE: noisy input; probabilistic AE: sampled latent code.

B. Denoising AE: sampled latent code; probabilistic AE: noisy input.

C. Both models must use the noisy input as their target.

A. We changed the input for denoising, then changed the mappings for probabilistic autoencoding.

12/20



VAEs: a generative model
Pair a latent prior with a probabilistic decoder
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A prior and decoder define an assumed image-generation process

We assume a generative process as a way to model images; it need not match how real images are

created.

Pair a probabilistic decoder with a prior on latent codes to define a two-stage sampling process:

1. Sample a latent code: .

2. Sample an image: .

We will show why an encoder is useful in a few slides.

𝐳 ∼ 𝑝(𝒛) =N(𝟎, 𝐼)

𝐱 ∼ 𝑝𝜃(𝒙 ∣ 𝐳)

𝑝𝜃(𝒙, 𝒛) = 𝑝(𝒛) 𝑝𝜃(𝒙 ∣ 𝒛).
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Fitting the generative model means averaging over possible codes

For an observed image, the model assigns density

We would like to maximize .

The code that produced an observed image is unknown.

With a nonlinear decoder, this integral is generally difficult to compute exactly.

The encoder helps identify codes that could explain each observed image.

𝑝𝜃(𝒙) =∫ 𝑝(𝒛) 𝑝𝜃(𝒙 ∣ 𝒛) 𝑑𝒛.

∑𝑖 log 𝑝𝜃(𝒙𝑖)
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The VAE encoder approximates the codes that explain an image

The prior  is shared; the posterior  depends on this image.𝑝(𝒛) 𝑝𝜃(𝒛 ∣ 𝒙)

𝑞𝜙(𝒛 ∣ 𝒙) =N(𝒛;𝝁𝜙(𝒙), diag(𝝈
2
𝜙(𝒙))) approximates 𝑝𝜃(𝒛 ∣ 𝒙).
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Training a VAE
Use the encoder to fit the generative model
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Encoder samples let us estimate a usable training objective

For a fixed image, draw codes from  and define the evidence lower bound (ELBO)

Evaluate the joint with .

These densities are available; the difficult marginal  is absent.

Average sampled values to estimate .

Training objective: maximize  over $ heta,$ (equivalently, minimize ).

Next, derive why it is a lower bound on image log likelihood.

𝑞𝜙(𝒛 ∣ 𝒙)

L(𝜃,𝜙;𝒙) = 𝔼𝐳∼𝑞𝜙(⋅∣𝒙) [log 𝑝𝜃(𝒙, 𝐳)− log 𝑞𝜙(𝐳 ∣ 𝒙)] .

𝑝𝜃(𝒙, 𝒛) = 𝑝(𝒛)𝑝𝜃(𝒙 ∣ 𝒛)

𝑝𝜃(𝒙)

L

L −L
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Multiplying and dividing by the encoder separates the ELBO and its gap

Fix ; abbreviate . Every expectation below is under .

(fixed image)

(chain rule)

(multiply by )

(split the log)

(definitions)

𝒙 𝑞 = 𝑞𝜙(𝒛 ∣ 𝒙) 𝑞

log 𝑝𝜃(𝒙) = 𝔼𝑞[log 𝑝𝜃(𝒙)]

= 𝔼𝑞[log 𝑝𝜃(𝒙,𝐳)
𝑝𝜃(𝐳∣𝒙)

]

= 𝔼𝑞[log( 𝑝𝜃(𝒙,𝐳)
𝑞𝜙(𝐳∣𝒙)

𝑞𝜙(𝐳∣𝒙)
𝑝𝜃(𝐳∣𝒙)

)] 𝑞/𝑞

= 𝔼𝑞[log 𝑝𝜃(𝒙,𝐳)
𝑞𝜙(𝐳∣𝒙)

]+ 𝔼𝑞[log 𝑞𝜙(𝐳∣𝒙)
𝑝𝜃(𝐳∣𝒙)

]
= L(𝜃,𝜙;𝒙) +𝐷KL(𝑞𝜙(⋅ ∣ 𝒙) ‖ 𝑝𝜃(⋅ ∣ 𝒙))
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The ELBO gives a lower bound on image log likelihood

For one image, the following identity connects inference and generation:

Because KL is nonnegative, .

Fit  and  by maximizing this evidence lower bound.

The bound is tight when the encoder equals the true posterior.

log 𝑝𝜃(𝒙) = L(𝜃,𝜙;𝒙)
⏟

ELBO

+𝐷KL(𝑞𝜙(⋅ ∣ 𝒙) ‖ 𝑝𝜃(⋅ ∣ 𝒙))
⏟ ⏟ ⏟____ ____

gap from approximate inference

.

L(𝜃,𝜙;𝒙) ≤ log 𝑝𝜃(𝒙)

𝜃 𝜙
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